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Abstract. In this paper, we investigate the structure of highest weight modules over the 
quantum queer superalgebra U q (q(n)). The key ingredients are the triangular decomposition 
of U q (q(n)) and the classification of finite dimensional irreducible modules over quantum 
Clifford superalgebras. The main results we prove are the classical limit theorem and the 
complete reducibility theorem for (7 ? (q(n))-modules in the category O^ . 



Introduction 

Since its inception, the representation theory of Lie superalgebras has been known to 
be much more complicated than the corresponding theory of Lie algebras. One of the Lie 
superalgebra series attracts special attention due to its resemblance of the Lie algebra jj[ n 
on the one hand and because of the unique properties of its structure and representations 
on the other. This is the so-called queer (or strange) Lie superalgebra q(n) which consists 
of all endomorphisms of C n ' n that commute with an odd automorphism P of C ra ' n such that 
P 2 = Id. The queer nature of q(n) is partly due to the nonabelian structure of its Cartan 
subsuper algebra f) having a nontrivial odd part f)j. Another unique property of q(n) is that, 
although it has no invariant bilinear form, it admits an invariant odd bilinear form. Because 
of the nonabelian structure of t), the study of the highest weight modules of q(n) requires some 
tools in addition to the standard technique. For example, the highest weight space v^ of an 
irreducible highest weight q(n)-module V(X) has a Clifford module structure. The case when 
V(X) is a tensor module; i.e., a submodule of some tensor power V® r of the natural q(n)- 
module V = C n l ra , was treated first by Sergeev in 1984. In [Se2j Sergeev established several 
important results, among which are the complete reducibility of V® r , a character formula of 
V(X), and an analog of the fundamental Schur-Weyl duality, often referred as Sergeev duality. 
The characters of all simple finite-dimensional q(n)-modules have been found by Penkov and 
Serganova in 1996 (see [PS2] and [PS3] ) via an algorithm using a super geometric version of the 
Borel-Weil-Bott Theorem. In 2004 Brundan, [B], obtained the character formula of Penkov 
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and Serganova using a different approach and formulated a conjecture for the characters of 
the irreducible modules in the category O. Important results related to the simplicity of the 
highest weight q(n)-modules were obtained recently by Gorelik in [G]. 

In this paper we initiate the study of highest weight representations of the quantum su- 
peralgebra U q (q(n)). The aim of this paper is twofold. We want to study highest weight 
C/ g (q(n))-modules on the one hand, and to build the foundations of the crystal bases theory 
for the tensor modules of U q {q{n)) on the other. The latter problem will be treated in a 
future work. 

A quantum deformation of the universal enveloping algebra of q(n) was constructed first 
by Olshanski in [O]. Olshanski's construction is a flat deformation of the universal enveloping 
algebra £7(q(n)) of q(n) and is a quantum enveloping superalgebra in the sense of Drinfeld 
( |Drj . §7). The idea in [O] is to apply a suitable modification of the procedure used by 
Faddeev, Reshetikhin, and Takhtajan in [RTF] - using an element S in End(C n l n )® 2 that 
satisfies the quantum Yang-Baxter equation. However, as pointed out by Olshanski, the r- 
matrix r S q(n)® 2 does not satisfy the classical Yang-Baxter equation. Thus no quantum 
analogue of U{q(n)) can be a quasi-triangular Hopf algebra. 

In the present paper, based on the description of Olshanski, we give a presentation of 
U q (q(n)) in terms of generators and relations so that the relations are quantum deformations 
of the relations of q(n) obtained in |LS| . Using this presentation, we find a natural triangular 
decomposition of U q (q(n)), and then introduce the notion of highest weight modules and 
Weyl modules. Similarly to the case of q(n), in order to study highest weight modules, one 
has to describe the modules over the quantum Clifford superalgebra Cliffy (A) for a weight A 
of q(n). These modules, as we show in Section O do not have the same structure as the ones 
over the classical Clifford superalgebra Cliff (A). For example, the irreducible modules over 
Cliff q (A) are parity invariant for much larger set of weights A, compared with the irreducibles 
over Cliff (A). 

In the last two sections of the paper we focus on the category O^ of finite dimensional 
?7 3 (q(n))-modules all whose weights are of the form Aiei + • • • + A n e n (Aj G Z>o). One of 
our main results is a classical limit theorem for the irreducible modules in O^ . Due to the 
structure of the quantum Clifford superalgebra, the classical limit theorem is non-standard, 
as it is not true in general that the classical limit V 1 of an irreducible highest weight U q (q(n))- 
module V q (X) is V(\). In fact, as we show in Section [5j if A has even number of nonzero 
coordinates Ai > ... > A2/U, then chU 1 = 2ch V(X). The "queer" version of the classical limit 
theorems are Theorem 15.141 and Theorem 15.161 With the aid of the classical limit theorems 
we obtain another important result in the last section: the category O^ is semisimple. 
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The organization of the paper is as follows. In Section [T] we recall some definitions and 
basic results about q(n). The realization of U q (q(n)) and its triangular decomposition is 
provided in Section [2j Section [3] is devoted to the study of the quantum Clifford superalgebra 
and its modules. In Section [J] we introduce the notion of highest weight modules and Weyl 
modules. In particular, we show that every Weyl module W q {\) has a unique irreducible 
quotient V q (X). The classical limit theorem for the category is proved in Section [5] and 



the complete reducibility of ?7 g (q(n))-modules in O^ is established in the last section. 



1. The Lie superalgebra q(n) and its representations 

The ground field in this section will be C. By Z>o and Z>o we denote the nonnegative 
integers and strictly positive integers, respectively. We set Z2 = Z/2Z. Every vector space 

V = Vq ffi Vj over C is Z2-graded with even part Vq and odd part V± . We will write dim V = 
m\n if dimVg = m and dimT/j = n. By II we denote the parity change functor; i.e., IIV is a 
vector space for which II Vg = Vj and IiV\ = Vg. The direct sum of r copies of a vector space 

V will be written as V® r . 

The Lie subsuperalgebra q = q(ra) of g[(n|n) is defined in matrix form by 



= q(n) 




A, Be gin 



By definition, a subsupealgebra f) = f)o © f)I of g is a Cartan subsuperalgebra, if it is a self- 
normalizing nilpotent subsuperalgebra. Every such fj has a nontrivial odd part fjj. We fix f) to 
be the standard Cartan subsuperalgebra, namely the one for which f)g has a basis {k±, ...,k n } 



and f)j has a basis {fcj, ...,k n }, where ki := ' , kj := ' and Eij is 

y I'., J \ E iti J 

the n x n matrix having 1 in the position and elsewhere. One should note that all 

Cartan subsuper algebras of q are conjugate to f). Let {ei, e n } be the basis of f)g dual to 

{ki, k n }. We denote fcj — fcj+i by /ij for i = 1, 2, • • • ,n— 1. The root system A = AgU A j ofg 

has identical even and odd parts. Namely, Ag = Aj = {e, — €j \ 1 < i 7^ j < n}. In particular, 

the root space decomposition q = © QgA Q has the property that Q a has dimension 1|1 for 

every a £ A. Set «j := £j— e^+i- Let Q = ©^Tf 1 Zctj be the root lattice and Q + = X^^i 1 ^>o a i 

be the positive root lattice. The notation Q_ = —Q+ will also be used. There is a partial 

ordering on f)i defined by A > \i if and only if A — \i G Q + for A, /u G f)g. The root space g Qi 

is spanned by := ( 1,1+1 ] and := ( 1,1+1 ] , while Q- ai is spanned 
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by/,: 




) 



and fi : 




. Let P := 0" =1 Zei be the weight 



lattice of g and denote by P v := ©™ =1 Zfcj the dual weight lattice. 
Let I : = {1, 2, • • • , n - 1} and J := {1, 2, • • • , n}. 

Proposition 1.1. [LS] T/ie Lie superalgebra q is generated by the elements ei,ej, fi, fj (i G /), 
f)o kj (I G J) i/ie following defining relations: 



[h,ti] = /or G f) 5 , 

[/i, ej] = cti(h)ei, [h, eq] = «i(/t)ej /or /i G f)g, i € J, 
[h,fi] = -ai(h)fi, [h,fi] = -Oi(h)fi for h G f) 5 , i G I, 
[h,kj] =0 for h£t)Q, I £ J, 

[e*, /,■] = <%Oi - fcj+i), [ej, /j] = (%(fc| - %pj-) /or i,j G J, 
[ej, fj] = 8ij(ki - kj^-), [k T , a] = a;(fcj)e ? for i,j G I, I G J, 
[% /i] = -Oi(,k)fi, [ej, fj] = o~ij(ki + ki+i) for i,j G I, / G J, 



[ e M e j] = k; e j] = [/i; /j] = [/?, /j] = f or hJ |i - j'| / 1, 
N> e j] = [fi, fj] = /° r hj 6 J, |i - j| > 1, 



fo-] = bijlki for i,j G J, 
[ei,[e i ,ej]] = [e i ,[ei,ej]] = forijel, \i-j\ = l, 
[fi, [fi, fj]] = [fh [fi, fj]] = for i.j el, \i- j\ = 1. 



Remark. We modified the relations given in [LS]. More precisely, we replaced the relations 




for i G /, / £ J, 



for i £ I, I £ J, 



[ei,e i+ i] = [ej,ejq^-], [e^e-pj] = [e-,e i+ i]. 

fi] = [/i+T' /?]' t/i+l) /?] = [/l+T> /i] 



(1.1) 



[q, [e i5 ej]] = for i,j G /, |i - j\ = 1. 
[&[/i,#] = for i,j G I, K-i| = l 
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by 

, , [e*> e i+i] = i e h e*+iL [<H, ej+j-] = [e-, e i+1 ), 

(1.2) 

L/i+li ft] = [/i+T' /il' /i] = [/i+l> /i]- 

Since (jl.ip can be derived from (jl.2p (and other ones), we can easily see that these two 
presentations are equivalent. 

The universal enveloping algebra U (g) is obtained from the tensor algebra T(g) by factoring 
out by the ideal generated by the elements [u, v) — u (g) v + (— l) a/3 v (g) u, where a, (3 G Z2, «£ 
0a, v G 0^3. Let t/ + (respectively, f7° and C/~) be the subalgebra of ?7(g) generated by the 
elements e%^ei (i G I) (respectively, by /c«,/q (i G J) and by (i G J)). By the Poincare- 
Birkhoff-Witt theorem, the universal enveloping algebra has the triangular decomposition: 

(1.3) U(q)^U- ®U°®U + . 

A g-module V is called a weight module if it admits a weight space decomposition 

V = (D V ^ where = {v £ V \ hv = fi(h)v for all h G f)g}- 

For a weight g-module M denote by wt(M) the set of weights A G f)g for which 7^ 0. 
Every submodule of a weight module is also a weight module. If dime < 00 for all \i G t)%, 
the character of V is defined to be 

chy = ^(dim c y M ) e", 

where e M are formal basis elements of the group algebra C[f)g] with the multiplication given 
by e x e> 1 = e A+/ " for all A, \i G f)g. 

Denote by b + the standard Borel subsuperalgebra of g generated by A;;, fcj (/ G J) and ej, 
(z G I). A weight module V is called a highest weight module if it is generated over g by a 
finite dimensional irreducible b+-sub module (see [IPS1] Definition 4]). 

Proposition 1.2. [P] Let v be a finite dimensional irreducible ^-graded b+-module. 

(1) T/ie maximal nilpotent subsuperalgebra n 0/ b+ acis on v trivially. 

(2) For any weight /x G consider the symmetric bilinear form F^(u,v) := n([u,v]) on 
\)i and let ClifF(yu) be the Clifford superalgebra of the quadratic space (fjj,^). Then 
there exists a unique weight A G \)% such that v is endowed with a canonical ^-graded 
Cliff '(A) -module structure and v is determined by A up to II. 

(3) fjg acts on v by the weight A determined in (2). 
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From the above proposition, we know that the dimension of the highest weight space of a 
highest weight g-module with highest weight A is the same as the dimension of an irreducible 
Cliff (A)-module. On the other hand all irreducible Cliff (A)-modules have the same dimension 
(see, for example, |ABS[ Table 2]). Thus the dimension of the highest weight space is constant 
for all highest weight modules with highest weight A. 

Definition 1.3. Let v(A) be the irreducible b+-module determined by A up to II. The Weyl 
module W(X) of g with highest weight A is defined to be 

W(X) :=U(Q) ® u{b+) v(A). 

Note that the structure of W(A) is determined by A up to II. 

Remark. One may define the Verma module corresponding to A by M(A) := U(g) ®u(b+) 
Cliff (A). Since the Verma modules are not highest weight modules, they will not be considered 
in this paper. 

We will denote by A^" and A + the set of gl n - dominant integral weights and the set of 
q- dominant integral weights, respectively. These are given by 

Ag := {Aiei H h X n e n G f)g | A* - A i+1 G Z> for all i G 1} 

A+ := {Aiei + • • • + A n e n G A^ | \ { = X i+1 => X { = X i+1 = for all i G I}. 

Proposition 1.4. [P] 

(1) For any weight X, W(X) has a unique maximal submodule N(X). 

(2) For each finite dimensional irreducible Q-module V , there exists a unique weight X G 
Ag~ such that V is a homomorphic image ofW(X). 

(3) V(A) := W(X)/N(X) is finite dimensional if and only if X £ A + . 

Now we restrict our attention to the following subcategory of the category of finite dimen- 
sional g-modules. 

Definition 1.5. Set P> := {A = A^i + ... + X n e n G P | Xj > for all j = !,-■■ ,n}. The 
category O— consists of finite dimensional f7(g)-modules M with weight space decomposition 
M = AeP M\ such that wt(M) C P> . 

Clearly, O- is closed under finite direct sum, tensor product and taking submodules and 
quotient modules. Because a q(n)-module in O- can be decomposed into a direct sum of 
irreducible highest weight g[ n -modules, one can easily prove the following proposition (see, 
for example, [HK, Theorem 7.2.3]). 
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Proposition 1.6. For each A G A + flP>o, V"(A) is an irreducible U(g) -module in the category 
O- . Conversely, every irreducible U(g)-module in the category O- has the form V(X) for 
some A G A+ n P> . 

In |Selj . Sergeev has presented an explicit set of generators of Z = Z(U(g)), the center 
of U(g), and showed that each Weyl module W(A) (A G f)g) admits a central character. 
Let xx ^ Homc(2', C) be the central character afforded by W(A); i.e., every element z G Z 
acts on W(X) as scalar multiplication by xx( z )- Following [HI (2.12)], to each weight A = 
Aiei + • ■ ■ + A n e n G P, one can assign a formal symbol 

5(A) : =<5 Al +--- + 5 An 

such that 5q = and <5_, = — 5j. 

Proposition 1.7. (Bj Theorem 4.19], |PS2l Proposition 1.1] For A,/i G P, xx = */ anc ^ 
onZy if 5(\) = 6(/i). 

The following proposition will be very useful in Section [5l 

Proposition 1.8. Let V be a finite dimensional highest weight module over q with highest 
weight A G A + n P>o- Then V is isomorphic to an irreducible highest weight module V(A). 

Proof. If V is reducible, since it is finite dimensional, it contains a nonzero proper irreducible 
submodule W. Then W is isomorphic to an irreducible highest weight module V(fi) for some 
weight fx G A + n P>o by Proposition 11.41 We know that fx ^ A and xx = Xn- But, by 
Proposition [TT71 S(X) = 6(fi). Since A, fi G A + n P>o, we have A = //, which is a contradiction. 
Thus V is irreducible and by Proposition II. 41 it must be isomorphic to the irreducible highest 
weight module V(A) up to IT. □ 

The next proposition gives a sufficient condition for the finite dimensionality of a highest 
weight g-module. 

Proposition 1.9. Let V be a highest weight module over q with highest weight A G A + . // 
j,\(h % )+l v _ q j Qr a ^ v g ^ g fa en y i s fi n it e dimensional. 

Proof. Let {x\,X2, ■ ■ ■ ,x r } and {y\,y2, ■ ■ ■ ,y r } be bases of qq and gj, respectively. Then 
by the Poincare-Birkhoff-Witt theorem, U (g) has a basis consisting of elements of the form 
y^vT ' ' ' yr rx T x T ■ ■■ x r r where €j = or 1 and nj G N U {0}. Because {y^y^ 2 • • • 2/r r I e j = 
0, 1} is a finite set, it is enough to show that U(qq)V\ is finite dimensional. For any v G V\, 
we know that U(qq)v is a highest weight module over gg with highest weight A satisfying 
j,\(h % )+i v _ q £ or ^ e j Thus it is finite dimensional. Since t7(gg)Vx C [/(fig)?;, we 

^eU A 

have the desired result. □ 
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We say that a weight A = Aiei + • • • + A n e n G f)g is a-typical if a = ej — ej and Aj + Aj 7^ 0. 
In [Se2] . Sergeev proved the following character formula for V(A) (A G A + n P>o)' 

(1.4) ch V(X) = Yl s § n ™ w[e x+f>0 Yl (1 + e- Q )), 

A is a— tyipical 

where va is an irreducible Cliff (A)-module, W is the Weyl group of 05 = fl'ni Po = \ Yl a eA^ a 
and D = Y^weW s & n w e"'^ *' is the Weyl denominator. In |PS2| . the formula (|1.4p is called 
the generic character formula and an explicit algorithm for computing the character of an 
arbitrary finite dimensional irreducible g-module is presented. 

2. The quantum superalgebra U q (q(n)) 

In [Qj . Olshanski constructed the quantum deformation U q {q{n)) of the universal envelop- 
ing algebra of q(n). The quantum superalgebra U q (q(n)) is defined to be the associative 
algebra over C(q) generated by L^, i < j, with defining relations 

-LiiL—i—i — L—i—iLa — 1, 

(-l)P^)p(^) q vU,i) LijLkl + {k<j< l}9(i,j, k){q - q-^LuLkj 
(2.1) + {i < -I < j < -k}9{-i, -j, k)(q - q- l )Li-iL kt - S 

= q^L kl L i3 + {k<i< l}6(i,j, k)(q - q~ X )L i{ L k3 

+ {-I < i < -k < j}9(-i, -j, k)(q - q~ l )L_ itl L_ k j , 



where <p(i,j) =6^^^), 9(i,j,k) = sgn(sgn(iQ+sgn(j)+sgn(fc)), p(i,j) 



if ij > 

1 if ij < 0, 

for any indices i < j, k < I in {dbl, • • • =t n} and the symbol {• • •} (the dots stand for some 
inequalities) is equal to 1 if all of these inequalities are fulfilled and otherwise. 

Following [Ql Remark 7.3], we consider the set of generators of U q (g) = U q (q(n)) as follows: 

Q 1 • — La, q 1 . — Z/_j j, ej . — _j, fi . — tLi 

/ 99 x q-q 1 q-q 1 

1 > 11 l 

• — TL—i—\ ii fi '. — T-L—i i+i; fej : — HT^-'—iA- 

q-q 1 g-g 1 g-g 1 

Our first main result is the following presentation of U q (o). 

Theorem 2.1. The quantum superalgebra U q (g) is isomorphic to the unital associative alge- 
bra over C(q) generated by the elements e^, fi, ej, fj (i = 1, n — 1), kj (I = 1, n), and q h 
(h G P v ), satisfying the following relations 

g = ^ q hl+h2 = g h lq h 2 f()r ^ ^ g pVj 
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q h e t q- h = q a ^ h) e t , q h f iq ~ h = q~ a ^ f t for h G P v 

q h k- iq - h = k i ,q h e- i q- h = q a ^e- i ,q h f- i q- h = q~ ai{h) fj for h G P v 

eifi ~ M = — rr (q k *- k ^ - q'^+A , 

q — q 1 \ / 

qei+ifi ~ Ue-i+i = e-ifi+i ~ qfi+i^i = eifj ~ fj(>i = if \i - j\ > 1, 

e ifi ~ fi e i = Q kl+1 ki — %+Tg fc *> 

qei+ifi - fiCi+i = eifj+i - qfi+iei = eifj - /je, = if \i - j\ > 1, 

e ifi ~ fi e i = Q kt+1 ki ~ ^i+i?^) 

qej+ifi - fcej+1 = ejfi+i ~ qfi+i^j = ejfj - fjej = if \i - j\ > 1, 

k e i ~ q&ik = &iq % qki&t-i ~ &i—ik = ~q * e i3x> 

fqej — ejkj = for j / i and j / i - 1, 

kh - qhk = -hq k \ qkfi-i - h-ik = q kl f— 

kfj ~ fjk = ° f or 3 +i and 3 i ~ 1, 

^ = q 2 _ g-2 ' ^% = /° r * 7^ h 

+ = q-q' 1 + ^ ~ 9_1 

^ej+ijj + jiej+i = q/j+j + g/i+re- = e-Jj + /jq = »/ \i - j\ > 1, 

k e i + q e ik = m~ ki , qk e ~ + e ~ k = q~ ki ei-i, 

k&] + &]k = f or j i an d 3 ' / i — 1, 

+ = /»«**» «*j/i=r + fj=rk = q kl fi~u 

kfj + fjk = ° for j ^i and j + i - 1, 

c 2_ g-g -1 c 2 f 2 _ g ~ g' 1 >2 

e^j - ej-e, = ftfj - fjfc = ejej + e^e- = /-/j + /j/- = i/ |i - j| > 1, 
eie-j - e-jei = ft ft - ft ft = if \i - j\ / 1, 

s-i^i+i ~ Cj+iej = e^e^pj + ej^ej, fi+ifi — fifi+i = /i/i+r+ fj+ifi, 
eiej+j - ej^ei = e-e i+ i - e i+ ie-, /^/j - /j/^ = /i+i/j - /i/i+i, 
ge, 2 e i+ i - (g + q~ l )eie i+ iei + q^a+iej = 0, 
qfff l+l -(q + q' X )f l f %+1 f l + q~ 1 f l+l ff = 0, 
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qei& 2 i+i - (q + q 1 )e i+ ie i e i+1 + q 1 ef +1 e i = 0, 
qfifi+i -(<? + q^fi+ififi+i + q-'fi+ifi = 0, 
qejej+i ~{q + ? -1 )eies+iCi + Q^e^ef = o, 

9/f/i+r - (<? + ^)hfj+ih + ^ Vi+r/f = 0, 

ge-e 2 +1 - (g + q~ 1 )e i+1 e^e i+1 + g _1 e 2 +1 e- = 0, 
qfif!+i ~(q + q-^h+ikh+i + fV^i/? = 0. 

Proof. Let £7 be the unital associative algebra over C(q) generated by the elements e^, /j, ej, fj 
(i = 1, n — 1), fc[ (Z = 1, n), and g^ 1 (/i G P v ) with defining relations given in (|2.3p . Using 
(|2.ip and (|2,2p . the relations in (|2.3[) can be derived easily. Thus there is a well-defined algebra 
homomorphism : U — ► U q {o). 
From the relation (|2,ip . we obtain 

J ' _1 



(2.4) 



fr=i 

i-i 

h=l 

L-i-j, i = {-l) 3 (q ~ q- l )q^i=^ J] a de i+h (e tJ , 

h=l 



3-1 

L-i- h -i = (-l) j (q - q~ l )q^\ k ^ JJ ade l+h ( ei ), 

h=l 

where ad h(bj) :=bibj-bjbi,Yl 3 h=1 adb i+h (bi) := adb i+j ■ ■ ■ adb i+ i(bi) andY\ h=1 adb i+h (bi) = 
bi for bi = ej, e|, /j, /j (« = 1, • • • , n — 1, j > 0). It follows that the homomorphism </> must 
be surjective. 

It remains to prove 4> is injective. For this purpose, we will show that the relations in (|2.ip 
can be derived from the ones in (|2.3p . The proof of our assertion is quite lengthy and tedious. 
But the basic idea is just the case-by-case check-up. 

We define the sets 

A = G Z/{0} x Z/{0} | -n<i<j<n}, A x = G A | i > 0,j > and i < j}, 

A 2 = {(», j) G A | * < 0,j > and |«| < A 3 = G A | i < 0, j > and |t| > |j|}, 

A 4 = G A | i < 0, j < and |i| > |j|}, A 5 = {(i, j) G A | i < 0,j > and |i| = 
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For ((t 


,j),(M)) G A x A, 


et a = min{ \i , 


\i\h b 


= max{|i|, \j\} 


, c = min{ \k \, \l\}, d = 




i\k\,\l\}- 


vvc 


List all possible subsets of A x A: 








C x 


= {( 


hi) 


,(k, 


!)) £ A x A 


c < d < a < b} 


c 2 = 


W,i),(k,i)) 


G Ax A 


c < d = a < b}, 


c 3 


= {( 


hi) 


,0, 


!)) e A x A 


c < a < d < b} 


C4 = 


m,i),(kj)) 


G A x A 


c < a < d = &}, 


c 5 


= {( 


hi) 


,(k, 


!)) e A x A 


c < a < b < d} 


Ce = 


W,i),(k,i)) 


G A x A 


c = a < d < b}, 


C 7 


= {( 


hi) 


,(k, 


!)) E A x A 


c = a < d = b} 


Cs = 


m,i),(k,i)) 


G A x A 


c = a < b < d}, 


Cg 


= {( 


hi) 


,(k, 


!)) G A x A 


a < c < d < b} 


C10 = 


--m,i),(k,i): 


G A x A 


a < c < d = b} 


Cn 


= {( 


hi) 


,(k, 


!)) 6 A x A 


a < c < b < d} 


C\2 = 


--W,i),(k,i)] 


G A x A 


a < b = c < d} 


Cl3 


= {( 


hi) 


,(k, 


!)) G A x A 


a < b < c < d} 


D x = 


m,i),(k,i)) 


G A 5 x A 


\i\ < c < d}, 


D 2 


= {( 


hi) 


,(k, 


0) G A 5 x A 


\i\ = c < d}, 


D 3 = 


m,i),(k,i)) 


G A 5 x A 


| c < |z| < d}, 


D A 


= {( 


hi) 


,(k, 


0) G A 5 x A 


c < \i | = d}, 


D 5 = 


mn(k,i)) 


G A 5 x A 


c< d < \i }, 


D 6 


= {( 


hi) 


,(k, 


!)) G A x A 5 


\k\ < a < b}, 


D 7 = 


m,i),(k,i)) 


G A x A 5 


\k\ = a < b}, 


D 8 


= {( 


hi) 


,(k, 


!)) G A x A 5 


| a < \k\ < b}, 


D 9 = 


{((*,j),(M)) 


G A x A 5 


\ a <b = \k\}, 


D w 


= {( 


hi) 


,(k, 


!)) G A x A 5 


\ a <b < \k\}. 











We consider all cases for A s x A t n Cj (1 < s, t < 4, 1 < i < 13) and A s x A ( fl Di 
(s = 5, l<t<4orl<s<4, t = 5 and 1 < i < 10). Since the remaining cases can be 
checked similarly, we just prove: 



(2.5) 
(2.6) 
(2.7) 

(2.8) 

From 



-^i.i-kfc,;-^. 



-1 



tp(l,i)-tp(k,i) £ 



h:,l 







(q-q l )L u L 



(Lij) 



q + q' 
we obtain 



if (k,l) G Ai U A 2 , 

if ((i,j),(k,i)) eAixAinCi, 

if {(i,j),(k,l)) G Ai x Ai n C2, 

if G A 2 . 



r-l 

'../ — Tlx — (-^i,i+l-^i+l,j ~~ Li + ijLi.i + i) 



if (z,j) G AiU A 2 , 
if (i,j) G A3 U A4. 



To prove (12. 5ft . we use induction on / — 



r-l 

L l-\l-\ 



i-i,iLk,i~i 



-^fe,Z-l^«-l,/)-^j / 
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q — q 

= q^~^ k ^L Kl . 

From (|2.3p . we know that fifj — fjfi = if |i — j\ > 1. By using induction on j — i and 
(|2.5|) . one can show that LijL^k+l ~ L>k : k+iLij = when (k, k + 1)) € Ai x Ai n Ci. 

Similarly, one can prove LijL^i — L^iLij = by induction on I — k. The proof of (|2.T[) is 
analogous (we use induction on / — k and (|2.5p . (|2.6p ): 

Li jL k i = ! — -Li j(Li_nL k i_i — Lk i-iLi-n) 

q — q~ l 

r-l 

^2-1,2-1 



^ _ f [Li-i,lLi t jLk t i_i + (q — q 1 )L i iLi^ 1 jL k ^x — L^i-iLijLi-x^) 
i (Li-i,iLk,i-iLi t j + (q — q~ 1 )Li ) iLi-i t jLk,i-i — Lf.,i-xLi-i,iLi^ 



r-l 

^2-1,2-1 



9-9 

= L k jLij + L^^^Li^Li-ijLk^i-i — Lfc^-i-Lz-ij) 
= LkjLij + (q— q~ 1 )L i jLkj. 
To verify the relation (|2.8p . it suffices to show that 

(Lj-ijLij-i - Lij-iLj-ij) 2 = ^——^(Lj-ijL-ij-i - L^ij-xLj-ij) 2 . 

For this purpose, we need the following formulas for 6 A2 which can be derived using 
induction: 

1 



-lr2 

QL-ij-iLj_ij — (q + q )Lj-i ) jL-i j j-iLj-i ) j + q Lj_ 1 jL-ij-i = 0. 
Using these formulae, we can verify the desired relations 

= {Lj-ijLij-iLj-i^Lij-x - - — q Lj-xjI^-ij^Lj-xj - Li,j-iL"j-x,j L i,j-l 
+ Li t j _ 1 ( L j _ 1 ; j Li j _ 1 L j _ 1 _ j ) 

_ q - q 1 f 9 1 r 2 r 2 , g r 2 r 2 r r 2 r 

~ q + q-^ i g + g-i J- 1 ^ -"J- 1 + ^jT^pT i-lJ ~ h-^-iJ-i^i-^J 

-1 , 

-2 



Lj-ijLij-xLj-xj - - - (qLij-xLj_x,j + 9 L j-i,j L i,j-i) 



x[ (Lj-hjL-ij-iLj-ij - x L-ij-xLj-xJ) L -ij-i 



q + g -1 V " " 9 + 9 
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+ L-ij-ifij-ijL-ij-iLj-ij - - — —j-Lj^jL-ij-i) - Lj-ijL 2 _ i j_ 1 Lj-ij 

. Q-Q' 1 (j r r r \2 

— _j_ l V, J — IjJ — 1 ~~ ^-1,3-^3-^,3 ) ■ 

□ 

Set deg/j = degfi = — «i, degg h = deg% = 0, degej = degej = a«. Since all the 
defining relations of the quantum superalgebra U q (g) are homogeneous, it has a root space 
decomposition 

where (U q ) a = {«£ U q (g) \ q h uq~ h = q a ^u for all h G P v }. 
Remark. If we define 

Fi = f iq - k >+\ E i = q ki +^e i , 

one can see that the relations involving E{, F{ and q h are the same as the standard relations 
for U q (gl n ) (see, for example, |HKl Definition 7.1.1]). Hence U q (gl n ) is a subalgebra of U q (g). 

The comultiplication A of U q (g) is given by the formula 

3 

(2.9) A(Li,j)=J2 L i,k®L kd , 

k=i 

(see §4 in [O]). In terms of the new generators we have: 



A(q h ) =q h ®q h for every h £ P v , 
A(ei) = <T fcl+1 ®ei + ei® q~ k \ 

&(fi) = q ki ®fi + fi®q ki+1 , 

A(e-) = q^ +1 tg> ej - (g - j" 1 )^ ® fe| 

/ i-l J 
+ (<7 " q- 1 ) ^(-iy' +1 gU=i^ J] ade^+^e^) 

V i=i h=i 

g, q - n=r h-i +h Yl ad /, , ./,! ./—) 
ft=i / 

/ i-l J 
+ (9 - ^T 1 ) £(-1)^=!^ Y[ a de^ +h (e^j) 
\ j=i h=i 
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j- 1 \ 
® q~ ELl K - 3+h II ad fi-j+hifi-j) )+e- l ®q k \ 
h=i J 



V i=i h=i 



, j=i h=i 
j 



h=l / 

+ (q-q~ 1 ) k®fi + fi®q kl+1 , 

/ i-l _ J-l 

+ (9 - 9" 1 ) Y.i- 1 ) j i n ~= lki - j+h II adei-^fc^-) 

V j=i h=i 

® g - Ei=i JJ ad fi- j+h (fi=j) 

h=i ) 
/ i-l _ i-i 

+ (5 - T 1 ) ^(-l^gEti^ H ade^+^e^) 



Let [/+ (respectively, be the subalgebra of C/g(fl) generated by the elements ej,q 

(respectively, fi,fj) for i = 1, n — 1, and let U® be the subalgebra of U q (g) generated by q h 
(h € P v ) and fy- for / = 1, ...,n. In addition, let (respectively, U^°) be the subalgebra of 
U q (g) generated by Uq and If® (respectively, by U~ and U9). We will show that the quantum 
superalgebra U q (g) has a triangular decomposition. For this purpose, we need the following 
lemma. 



Lemma 2.2. 
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Proof. We will prove the second part. Let {/^ ( G 0} be a basis of U~ consisting of 
monomials in fi and ffs (i G /). Consider a set W = {(ai, • • • , a n ) | a* = or 1 for all i G J}. 
Then {q h k rj \ h G P v , 77 G $7} is a basis of U®, where k^ = k^ 1 ■ ■ ■ k^ n for 77 = (ai, ■ • • , a n ) 
by [01 Theorem 6.2]. By the defining relations of U q (Q), it is easy to see that the elements 
f(Q h kri (C ^ ^> ^ € P v , )) £ fi') span J7^°. Thus there is a surjective C(g)-linear map 
U~ <g) Z/g — > given by q h k v — ► f(Q h kri- To show that this map is injective, it 
suffices to show that the elements f(q h k v (£ G f2, /i G P v , 77 G ) are linearly independent 
over C(q). 
Suppose 

^ C( )h , v f(q h kr, = for some G C(g). 

Cen, /igp v , 

We may write 



^ ( ^ CsAvh^kv) = for some C( A , £ C(g). 

deg/ c =-/3, 

feeP v , ijefi' 
Since £/g(fl) = @p e Q{U q )p, we have 

Y Cc,m/c4% = for each P^Q+- 

deg/ c =-/3, 

/igp v , '^esi' 

Write (3 = — Y17=l m i a i ( m « £ ^>o)> and let /ig = Y^i=i m iki+i- Since is a monomial 
in /j and /j's, the term of degree (— 0, 0) in A(/^) is g) <? ft 0. We consider the terms of 
degree (0, 0) in A(k v ) where 77 = (oi, • • • , a n ). Then the terms of degree (0,0) in A(k 11 ) can 
be written as 

(q~ kl ®ki+ki<g> q kl ) ai ■ ■ ■ (q~ kn (g)k n + k n (g) q kn ) a " 

n ai 



11 ( £ <T {ai ~ j)k *k\ ® q' k I/' * 
i=l j=0 



Yl II (<l~ {ai ~ il)kl kf ® q jlkl kf' jl ) . 



Wii— .in)en' i=l 



Since the terms of degree (— /?, 0) of J2^C,h,r)A(f^q h k v ) must sum to zero, we have 
(2.10) 

(n n 
E C'C.M/C?* ( II ?- (ai-i<)fct *f ) ® ( II ' 
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For all (a\ — j±, ■ ■ ■ ,a n — j n ) G £l' and h G P v , the elements q h { nf=i are linearly 

independent. Set rji := (1, . . . , 1). Since there is only one pair of (ai, . . . , a n ) and . . . ,j n ) 
such that nlLi ^i~ 3% = k Vl in the above sum, we obtain 

0=E E C Cihm f c q h -^=^ ® q h e+ h k m 

hSP v deg/ c =-/3 

n n 

+ e e ^/^(n^^^o^^Xn^*?*"*)- 

» ) =(a 1 ,...,a n ), h£P v , 1=1 1=1 

(oi— Jlj—)On-in)^'?l dog/^ = -/3 

Thus we have 

E C (Am f c q h -^ k * = for all h G P v . 

deg / f =-/3 

Multiplying by g _/l +2Zi=i fc i from the right we obtain 

E C CAmk = ° for all /iGP v . 

deg / c =-/3 

Using the linear independence of f^, we conclude all C^^ m = for all Q G f2, /i G P v . Now 
consider general 7? = (ai, . . . , a n ) G 0'. Assume that for all rj = (a' t , . . . , a' n ) such that a[ > 
for all i G J and rf ^ rj, C^hrf = for all £ G G P v . Then there is only one pair of 
(ai, . . . , o n ) and (ji, . . . , j n ) such that (a% —ji, ■ ■ ■ a n —j n ) = rj in (|2.10p . Repeating the above 
argument, we conclude C^h,-q = for all ( G h G P v . 

For example, consider r\2 = (0,1,..., 1). Since = 0, there is only one pair of 

(ax, ... ,a n ) and (ji, . . . ,j n ) such that (ai - ji, . . . a n - j n ) = (0, 1, . . . , 1) in (|2.10p . Thus we 
have 

E C{,h,mfc<l h ~^= 2 k ' = for a11 h G P v . 

deg / c =-/3 

Multiplying q~ h+ ^i=2 k i and using the linear independence of we obtain C^hm = f° r 
all C £ he P y . 

□ 

We are now ready to prove the triangular decomposition for Ug(g). 

Theorem 2.3. There is a C(q)-linear isomorphism 

U g (s) = U~ L/J ® C/+. 

Proof. Let {/^ | C S 12} , {q h k rj \ h G P v , 77 G f2'}, and {e r | r G 0} be monomial bases of 
U~, Ug and C/^ 1 " respectively, where f2 and S7' are the index sets as in the proof for Lemma 
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It suffices to show that the elements f^q h k r} e T (£, r G Q, h G P v ,t] G Jl ) are linearly 
independent over C(g). 
Suppose 

X] C (,h,V,rfcQ hk V e r = for some Cf.M.T G C(g). 

The root space decomposition of C/ g (g) yields 

^ Cch^^fc^^er = for all 7 G Q. 

h, r], 
deg/ c +dege r =7 

Using the partial ordering on f)*, we can choose a = deg/^ and /? = dege T , which are 
minimal and maximal, respectively, among those for which a + (3 = 7 and C^ 5 /i jJ)iT is nonzero. 
If a = —Y^n^iO-i, set h a = Y^^i^i+li and if = Y^ n i a ii set hp = Y^ n i^i+X- The term of 
degree (0,/3) in A(e T ) is q~ h f (8> e T and the term of degree (a,0) of A(/^) is ® g' 1 ". 

Since the terms of degree (a,/3) of C^ i / ljr?iT A(/^g /l A: r) e T ) must sum to zero, we have 



deg/<;=a, (Ji,--- jn)en' i=l i=l 

dege T =/3, ii< a i> 'G- 7 
ft,,?7=(oi,— ,o„) 

The elements /f? ( 111=1 are linearly independent for (6 0, h G P v , (ji, • • • , j n ) £ ^' 
by Lemma l2.2i By the similar argument in the proof for Lemma 12.21 we obtain 

^ C^ hiV>T e T = for all h G P v , C G ^, and 

deg e T =/3 

Using the linear independence of e r , we conclude that C( t h,r],r = for all ( G fi, h G P v , 77 G 
il', and r G 0, as desired. □ 



3. The quantum Clifford Superalgebra Cliff q (A) 

We first introduce some notation that will be used in this section only. Let K be a field 
of zero characteristic and A be an associative IEC-algebra. Denote by Mat n (^4) the associative 
K-algebra of n x n matrices with entries in A. If A is a superalgebra, then Mat n (^4) is 
a superalgebra as well by setting M&t n (A)j = Mat n (Aj). By sMat ri | ri (lK) we denote the 

associative superalgebra of 2n x 2n matrices [ ] , where A, B, C, and D are in 



C D 



Mat n (K) and 



sMat„, n (K) 5 = II d)\> sMat„, ri (K) I 




18 



GRANTCHAROV, JUNG, KANG, KIM 



Let Q n (K) be the subsuperalgebra of sMat n i n (K) with elements ( J . In particular, 

\B A ) 

Q n (K)o = Q n (K)i = Mat n (K). There are K-superalgebra isomorphisms 

Mat r (sMata|i(K)) =■ sMat r|r (X), Mat r (Qi(K)) = Q r (K). 

Note that if K. = C, then the superalgebra Q n (C) coincides with q as a complex vector space. 
Another example of a K-superalgebra is any extension K(a) of IfC of degree 2 considering a 
as an odd element. If a 2 = f3 G IK we will denote K(a) by K(i//3). 

In this section, we set F = C(g). For every A G P we define / 9 (A) to be the left ideal of 
U° generated by q h - q x ( h h, h e P y . Set Cliff, (A) := U$/I q (\). We may consider Cliff,(A) 
as the associative F-algebra generated by the identity 1 = 1 + I q (X) and tj := fcj + / 9 (A) 
satisfying the relations 

Furthermore, Cliff,(A) has an obvious Z2-grading (and thus a superalgebra structure) by 
assuming that tj are odd. More precisely, Cliff,(A)o is spanned by 1 and the monomials 
^■■■tj of even degree, while Cliff 9 (A)j is spanned by those of odd degree. In this section 
we will describe the structure of Cliff,(A) and will classify its irreducible modules. Because 
of its superalgebra structure, Cliff, (A) has both Z2-graded and nongraded modules and both 
cases will be addressed. 

The results in this section may be derived from more general statements about quadratic 
forms and Clifford superalgebras over arbitrary fields (see, for example, [Lam| and [Sh]). For 
the sake of completeness we will give an outline of the proofs. The results and the proofs 
in this section will also help us to describe explicitly the action of US on the highest weight 
vectors of an irreducible highest weight module over U q (g). This is demonstrated in Example 
13.101 for the case n = 3 and A = (4, 2, 1) . 

In this section, we fix V := ©™ =1 Ftj and A := (Ai,...,A„) G ¥ n and denote by B\ : 
V x V ^ ¥ the symmetric bilinear form defined by B\{pi,tj) = <5yAj. Let Cliff,(A) be the 

unique up to isomorphism Clifford algebra associated to V and B\. If Aj = — 5 5 — , 

q z — q 1 

then we have Cliff, (A) ~ Cliff, (A). 

Define V(A) := V/ ker B A , where ker.BA := {v G V \ B\(v,u) = 0, for every u G V} and 
denote by j3\ the restriction of B A on V(A). Let Aa = {i | Aj 7^ 0}, Z\ = {j \ Aj = 0}, 
and |A| = #A A . Set A N := (A h , A i|A| ), Z ■= (A ii; A in _ |A| ) = (0,...,0), where A A = 
{h,-,i\A\}, Z A = {j'i, j„_|A|}, and h < ... < i\ A \. It is clear that ker B A = (B je z A ¥t ~j and 
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that Cliff, (Ajv) = ©igAr A ^ ^ s the Clifford algebra corresponding to (V(A),/?a). Further- 
more, 

Cliff,(A) ~ Cliff,(Ajv) F Cliff q (0^) ~ Cliff, (Ajv) %/\kerB A . 
Here /\ W denotes the exterior algebra of the vector space W. Thanks to the above isomor- 
phisms every Cliff, (A)-module can be considered as a Cliff, (Ajv)-module under the embedding 
Cliff,(Ajv) = Cliff,(Ajv) ®f 1 -► Cliff^Ajv) ® F Cliff,(O z ). The class A(A) of A(A) = U i&NA Ai 
in F/F 2 is called the discriminant of (V,B A ). 

The following lemma is standard and the proof is left to the reader. 

Lemma 3.1. Let M be an irreducible Cliff, (A) -module. Then M is an irreducible Cliff, (Ajv) - 
module and tjv = for every i G Z\. Conversely, if Mq is an irreducible Cliff, (Kn) -module 
then Mq considered as a Cliff ,(A) -module with trivial action of Cliff, (0^) is irreducible as 
well. 

Since our goal in this section is to classify the irreducible representations of Cliff, (A), 
thanks to the above lemma, we may assume that A, are nonzero. So, for simplicity we fix 
Z\ = 0, and thus B\ = f3\ and V(A) = V , in all statements preceding Corollary \3. 91 

Recall that a vector v in V is called f3\— isotropic (or simply isotropic) if (3\(v,v) = 0. 
A subspace W of V is (3\— isotropic subspace if (3\(u,w) = for every u and w in W. A 
subspace W of V is anisotropic if it contains no nonzero /?a— isotropic vector. An isotropic 
subspace W of V is maximal isotropic if there is no larger /^-isotropic subspace containing 
W. 

Lemma 3.2. Let W be an isotropic subspace ofV. Then there exists an isotropic subspace 
W* and a subspace Z of V such that 

V = Z @W @W*, dimW = dimW*, 

(3\(z,w) = f3\(z,w*) = for every z G Z,w G W,w* G W* . 

Moreover, there exist bases {wx, w m } and {w*, w^} of W and W* , respectively, such 
that f3\(wi,w*) = 5ij. 

Proof. The lemma follows by induction on dimll^. If dimVF = 1, then W* is spanned by 
w* = x — hP\{x,x)w\ 1 where x G V is arbitrarily chosen so that (3\(w\,x) = 1. Then we 
define Z to be 

Z = {z G V | 0k{z,w x ) = (3 A (z,wf) = 0}. 
For the complete proof, see |Sh.|, Lemma 1.3]. □ 

The decomposition V = Z® W (B W* in Lemma [3.2l is called a weak Witt decomposition of 
V. For any weak Witt decomposition V = Z W W*, we denote by Cliff (Az) the Clifford 
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algebra corresponding to (Z, f3\\z)- If V = Z®W(BW* is a weak Witt decomposition for which 
Z is anisotropic (or, equivalently, W is maximal isotropic) we call it a Witt decomposition. We 
may identify W* with the dual space of W via the nondegenerate form f3\. If V = Z(BW(BW* 
is a Witt decomposition, the dimension of W is an invariant of (V, (3a) (see |Shl Lemma 1.4]) 
and is known as the Witt index of the form (3\. We say that the Witt index is maximal if 
dim Z < 1. Recall that if the ground field is C, the Witt index is always maximal. In the case 
of arbitrary F though, the Witt index is generally not maximal as we verify in Lemma l3.61 In 
order to find a Witt decomposition and the Witt index of (V, (3\) we need some preparatory 
statements. 



Lemma 3.3. Let V = Z ®W ®W* be a weak Witt decomposition and let m = 2 dimW . Then 
Cliff 3 (A) = Mat m (Cliff 3 (A Z )). Moreover, we have 



Proof. For the complete proof, see |Shl Theorem 2.6]. The proof follows by induction on 
dimVK. We sketch the proof for dimVT = 1. In this case there is an isomorphism ^ : 
Cliffq(A) -> Mat m (Cliff 9 (Az)) defined by its restriction ty\ v on V: 



Notice that if Z ^ 0, VP is not necessarily parity preserving. In such a case we choose 
the isomorphism 6 : Cliff, (A) -> Mat m ( Cliff q (A z )) defined by 9(a) = D^^i^D, where 



Lemma 3.4. The nondegenerate Legendre's equation always has a nontrivial solution in F: 
for every nonzero A, B, C in F, there exist X,Y, Z G F with (X, Y, Z) ^ (0, 0, 0) such that 
AX 2 + BY 2 + CZ 2 = 0. 

Proof. We modify the proof of the classical Legendre's Theorem (see, for example, |IR|, §17.3]). 
We first assume that A, B, C, X, Y, Z are polynomials in C[q], where A, B, C are square free. 
We may fix C = -1, since if (X, Y, Z) is a solution of ACX 2 +BCY 2 = Z 2 then (X, Y, V^l§) 
is a solution of AX 2 + BY 2 + CZ 2 = 0. We prove that AX 2 + BY 2 = Z 2 has a nontrivial 
solution by induction on N := max{deg^4, deg B}. 

If iV = 0; i.e., A and B are constant polynomials, then AX 2 + BY 2 = Z 2 has a solution 
(constant polynomials). Assume that degi? < deg A and deg A > 1. Recall that every 
polynomial R S C[q] is a quadratic residue modulo any square free polynomial S. Indeed, if 




ifZ^O, 
ifZ = Q. 





□ 
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S is constant, our assertion is obvious. Otherwise, let S(q) = nj =1 (f? — Zj) with z; t ^ Zj, and 
let yi G C be such that yf = R(zi). Then y 2 = R (mod (q — Zi)). Using the Chinese Remainder 
Theorem, we find y £ C[q] for which y = yi (mod (q — Zi)). But then y 2 = R (mod (q — Z{)) 
and thus y 2 = R (mod S). 

We fix Ci with degCi < deg ,4 such that C\ = B (modA). Then C\ - B = AT = AA\M 2 
for some square free polynomial A\. Since deg A + deg A\ < deg(AAiM 2 ) = deg(C 2 — B) < 
2degA, we have < degAi < deg A. Now we observe that if (X\,Yi,Z\) is a solution of 
A X X 2 + BY 2 = Z 2 , then (AiX 1 M,C 1 Y 1 + Z u Z 1 C 1 + BY^ is a solution of AX 2 + BY 2 = Z 2 . 
Using the induction hypothesis, we complete the proof. □ 

Remark. Lemma 13.41 may be proved with a standard algebro-geometric argument using 
dimensions, see, for example, |Harl Exercise 11.6]. The lemma is also a particular case of the 
following Theorem of Tsen-Lang: if if is a field of transcendence degree n over an algebraically 
closed field k, then any quadratic form over K of dimension bigger than 2 n is isotropic. For 
details, see [Lam} Chapter XI]. 

In what follows, we assume Aj = — ^ ^ — . For simplicity, we will write P\, |A|, and 

q 2 — q 1 

A(A) for f3\, |A|, and A(A), respectively. The following technical lemma can be easily verified. 

Lemma 3.5. Define an equivalence relation ~ in {Aj | i = l,...,n} by A« ~ Xj if \f = X 2 
and denote by o(Aj) the orbit of Aj relative to ~. Then A(A) = 1 (or, equivalently, A(A) is a 
square in F) if and only if the orbit o(Xi) of every Aj ^ ±1 contains even number of elements. 

Lemma 3.6. The space V is anisotropic if and only ifdvaiV = 1 or dim V = 2 and A(A) ^ 1. 
// V is isotropic, there is a Witt decomposition V = Z © W © W* of V such that 

(1) dimVU = k if dim V = 2k + \, k >1 (maximal Witt index); 

(2) dim W = k - 1 if dimU = 2k and A (A) ^ I; 

(3) dimVU = k if dim V = 2k and A(A) = 1 (maximal Witt index). 

In particular, if X\ > A2 > ... > A n > 0, then dim W = [^-1 ■ 

Proof. The proof consists of several steps. 

Step 1: The case dimU = 1. This case is straightforward. 

Step 2: The case dimV = 2. In this case, v = a\ti + a^tj is /^-isotropic if an d only if 
a\k\ + a 2 A2 = 0. The latter equation has a solution for a\ and 02 if and only if is a square 
(or equivalently, A1A2 is a square). 

Step 3: If dimV > 3, then 



V ^ Ww © Fw* © ¥v 3 © ... © Wv. 
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where 

(3\(w,w) = f3 x {w*,w*) = x (w,Vi) = (3\(w*,Vi) = /or i > 3, 
(3 x (w,w*) = l, Px(v3,vs) = A1A2A3, p x (vi,vi) = Ai i/i>4. 

Let us first consider the case dim V = 3. We use Lemma I3~41 to find w = x\t\ + X2^2 + £3^3 
such that Px(w,w) = 0. Applying Lemma [3721 to W = Ww, we find w* = y\t\ + ^2*2 + 2/3^3 
and z = Z\t\ + 22*2 + z^t^ such that 

f3x(w*,w*) = (3x(w*,z)=(3x(w,z)=0, (3 x (w,w*) = 1. 

The choice of z is unique up to a multiplication by a nonzero constant in F. A simple 
calculation shows that Zi may be chosen as follows 



Zl 
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1A 2 A 3 (Z22/3 - x 3 y 2 ) 
IA1A3 (2:32/1 - x x y 3 ) 
TAiA 2 (xiy2 - x 2 yi) 



Then one can easily verify that f3\(z, z) = A1A2A3. 

In the case dim V > 3, write V = F^eF^eFtg© (^0-> 4 Ft-) . Fix w,w* , z E F^eF^eFtg 
as above, and set v 3 = z and t>j = tj for i > 4. 

Step ^: If dim V > 3, t/ien 1/ /ias a VFitt decomposition 



where 



dim Z 



if dim V is ewen and AiA 2 ...A„ is a square, 

1 i/dimF is odd, 

2 i/dimF is ewen and AiA2...A n is not a square. 



This follows from an inductive argument using Step 1, Step 2, and Step 3. 

Lemma 3.7. 

(1) Assume that dimV = 1. Then 



cm q (x) 



Qi(F) 



i/ A(A) = 1 (equivalently, A\ is a square in F), 



F(vAi) i/ A(A) 7^ 1 (equivalently, A\ is not a square in F). 



□ 



(2) Assume that dimF = 2. Then Cliff g (A) = Mat2(F) as (nongraded) algebras and 
Cliff,(A) = Cliff,(AiA 2 ). 



HIGHEST WEIGHT MODULES OVER THE QUANTUM QUEER SUPERALGEBRA U q (q{n)) 



23 



Proof. The case (1) corresponds to the "classical case" (Clifford superalgebra over C) and 
can be easily verified. 

(2) Let A = Cliffg(A). Then A is a quaternion algebra over F. Since it is not a division 
algebra, by Wedderburn's Theorem, we have A = Mat2(F) (see [Larnl Theorem 2.7] for 



Remark. The superalgebraic structure of Cliffy (A) for dimV = 2 is "explicit" only when 



We are now ready to describe the superalgebra structure of Cliff q (A). 
Proposition 3.8. 

(1) Ifn is even, then Cliff 9 (A) Mat r (A), where A = Cliff ? ((A(A), 1)) and r = 2t -1 . 
Furthermore, Cliff q ( A) = Mat2- r (F) as (nongraded) algebras and 



n— 1 

(2) Ifn is odd, then Cliff,(A) = Mat r (B), where B = Cliff,(A(A)) and r = 2~ . Fur- 



In particular, Cliff q (A) is a simple superalgebra which is isomorphic to 

• a direct sum of two isomorphic simple algebras if n is odd and A(A) = 1; 

• a simple algebra otherwise. 

Proof. We first consider the case when n is even and let r = 2 2"" 1 . If Aj...A n is a square in F, 
then (1) is proved by Lemma [3.6l (3) and Lemma [3.31 Now if A(A) ^ 1, by Lemma [3.3l and Step 
3 in the proof of Lemma 13.61 we have Cliffy (A) = Mat r (A), where A = Cliff q ( Ai... A n _ i, A n ). 
We now apply Lemma 13771 (1). (2) and prove (1). 

n — 1 [ [ 

Next, assume that n is odd and let r = 2~ a - . By Lemma 13.31 and Step 3 in the proof of 
Lemma [3. 6\ we have Cliff q (A) = Mat r (S), where B is the 2-dimensional Clifford superalgebra 
Cliff 9 (Ai...A n ). We use Lemma [3~71 (1) to complete the proof. □ 

In the statement of the following corollary we allow Aj to be zero for some i. Recall that 
|A| is the number of nonzero Aj. We also set Aat := (A^, ...,Aj |A| ) where N\ = and 
ii < ... < i\ x \. 

Corollary 3.9. Every ^-graded Cliff q (\n )-module is completely reducible. Furthermore, 
the superalgebra Cliff q (A) has up to isomorphism 



details). The isomorphism Aq = Cliffy (A1A2) is straightforward. 



□ 



A(A) = 1. In this case, one can show that Cliff ^(A) = sMatj_|i(F). 




thermore 
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(1) two simple modules E q {\) and H(E q (X)) of dimension 2 k ~ 1 \2 k ~ 1 if |A| = 2k and 

A(A) = i; 

(2) one simple module E q (\) U(E q (X)) of dimension 2 k \2 k if |A| = 2k and A (A) / 1 
(in particular, if X\ > .... > A2fc > 0); 

(3) one simple module E q (X) = U(E q (X)) of dimension 2 k \2 k if |A| = 2A; + 1. 

Proof. Thanks to Lemma |3.1| we may assume that Aj 7^ 0; i.e., |A| = n. The category of all 
Z2-graded Cliffy (A)-modules is equivalent to the category of all nongraded Cliff g (A)o-modules. 
Indeed, the reverse correspondence is obtained by 

V Cliff, (A) 8> ]iff,(A) D v o- 

The corollary follows from Proposition 13.81 and the characterization of the simple and in- 
decomposable (nongraded) modules of Mat r (F) Mat r (F), Mat r (F), and Mat r (F(y / A(A))). 
(This characterization may be found, for example, in [Lang, Chapter XVII].) □ 

Example 3.10. Let n = 3 and A = (4,2,1). We describe the action of t\ (i = 1,2,3) on 
E q (X). We have 

Ai = (^ + ^ 2 )(g 4 + r 4 ), A 2 =q 2 + q ~ 2 , A 3 = l. 
For simplicity, let t = q 2 + q~ 2 . We first find a solution of Legendre's equation 
(3.1) A1X 2 + A 2 Y 2 + A 3 Z 2 = 

We follow the proof of Lemma 13.41 Let Z = tZ' and Y = y/—lY'. In order to solve the 
equation (t 2 - 2)X 2 + tZ' 2 = Y' 2 we find d G C[t] for which Cf - t is a multiple of t 2 - 2. 
Using the Chinese Remainder Theorem, we choose 

Ci = f (i-^ + f (i + v^T). 

Then we solve the equation A\Xf + BZ\ = Y 2 for A\ = —^-\J—\ and B = t. A solution for 
this is 

(x 1 ,y 1 ,z 1 ) = (i,^(i-^T),o). 

Then (13.11) has a solution 



(A 1 X 1 , y/^lpid + BZ 1 ),t(C 1 Z 1 + Yt)) = ( -^V=i, ^ + ^(1 - V=i)t 



4 '4 2 '4 
Multiplying by an appropriate constant and changing signs, we fix the following solution of 

§U) _ _ _ _ 

w = (X, Y, Z) = (1, V^lt - y/2, ^2(1 + V=T)t). 
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We consider w as an element in V relative to the basis {t±, t 2 , t%}. We use Lemma 13.21 to find 
a Witt decomposition V = ¥w © Fw* © Wz. As mentioned in the proof of Lemma [3.21 we find 



w 



c(X,Y,-Z), 



where c = -^j* 2 such that 0\(w, uu*) = 1 and (3\ (w* , w* ) = 0. Then, as pointed out in Step 
3 of the proof of Lemma 13.61 we can find 

z = c(tYZ, -t(t 2 - 2)XZ, 0) 



such that f3\(z,w) = (3\(z,w*) = and 0\(z,z) 



4A]A 2 A 3 = -\t 2 (t 2 - 2). Set 



a 



a/A(A) = y/t 2 {t 2 - 2). Using Lemma E3J we define an isomorphism : Cliffy (A) 

Mat 2 (F(a)) by 



w 



a" 1 




w 





a 



a 
-a 



From Proposition 13.81 and Corollary 13.91 we find that E q (X) = F(a)® 2 . Let v\ and v 2 be the 
standard basis vectors of the F(a)-vector space E q (X), and let Vi = avi (i = 1,2). The action 
of Cliff g (A) on E q (\) is given by 

z{v x ) = v u z{v 2 ) = -v 2 , zfr) = t 2 (t 2 - 2)«i, z{v 2 ) = -t 2 (t 2 - 2)v 2 
w(vi) = 0,w(v 2 ) = (t 2 (t 2 - 2))~ 1 vi,w(vi) = 0,w(v 2 ) = vi 
w*(yx) = v 2 ,w*(v 2 ) =0,w*(v!) = t 2 (t 2 -2)v 2 ,w*(v 2 ) =0 

In order to determine the action of (i = 1, 2, 3) on E q (X), we need to express tj, t 2 , in 
terms of z,w,w*. With simple computations we find: 



It 2 — 2 f2 . „ ^8(1 
w + t(t 2 - 2)w* + — i— 



■1) y/^lt - V2 



iV2 t 



— w + (V^lt 2 - V2t)w* + --; 



4^/2 t 

■if H — w 



A</2t 



^2 



4. Highest Weight Representation theory of U q (g) 
A Uq(g)-modvle V q is called a weight module if it admits a weight space decomposition 
V q = V^, where = {v E V q \ q h v = q^v for all h € P v }. 

AtSP 
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For a weight f/ (? (g)-module V q , we set wt V q = {A G P | 7^ 0}. By the same argument 
as in jHKl Ch.3], it can be verified that every submodule of a weight C7 9 (g)-module is also a 
weight module. If dim C ( g ) < 00 for all fj, £ P, then the character of V q is defined to be 

chy 9 = ^(dim c(g) ^ 9 ) ef, 

where are formal basis elements of the group algebra C(g)[P] with the multiplication given 
by e x e^ = e x+ ^ for all A, /i G P. 

A weight module V q is called a highest weight module if it is generated over U q (g) by 
a finite dimensional irreducible P^°-module v 9 . Note that v 9 also admits a weight space 
decomposition. We call a vector in v 9 a highest weight vector of y 3 . Combining Lemma 12.21 
and the triangular decomposition of U q (Q) (Theorem 12. 3p . we obtain V q = U q v q . 

Proposition 4.1. If v 9 is a finite dimensional irreducible U^- -module with a weight space 
decomposition v 9 = ©^ e p v', then v 9 is irreducible as a U q -module and v 9 = v q x for some 
A G P. Conversely, ifv q is an irreducible U q -module on which the even part of U q acts by a 
weight X, then v 9 can be endowed with the structure of an irreducible U^ -module by letting 
Ug act trivially on v 9 . 

Proof. Because v 9 is finite dimensional, there exists a weig ht A G P such that \\ ^ and 
V A+ Q = f° r au 2 G P Then we have U q = and U q = v^. Thus is a 
P^°-submodule of v 9 and hence = v 9 . The other direction is obvious from the defining 
relations of U q (o) in Theorem 12.11 □ 

Remark. If v 9 is a finite dimensional irreducible P^°-module which generates a highest 
weight module V q of highest weight A, then, by Proposition 14. 1\ we know that v 9 is an 
irreducible P^-module of weight A. Thus v 9 is a finite dimensional irreducible module over 
Cliff 9 ( A) = Ug/I q (X). Conversely, if P 9 is a finite dimensional irreducible Cliff 9 (A)-module, 
then it is clear that P 9 is an irreducible P^-module of weight A. 

By Corollary 13.91 we know that, up to isomorphism, Cliff q (A) has at most two simple 
modules: P 9 (A) and n(P 9 (A)). The P 9 (g)-module iy 9 (A) = U q (g) ®^>o P 9 (A) is called the 
Weyl module of U q (g) corresponding to A (defined up IT). 

Proposition 4.2. 

(1) W q (\) is a free U q -module of rank dimP 9 (A). 

(2) Every highest weight U q (g) -module with highest weight X is a homomorphic image of 
W q {X). 

(3) Every Weyl module W q (X) has a unique maximal submodule N q (X). 
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Proof. (1) This is clear from the definition. 

(2) Let V q be a highest weight module with highest weight A generated by the irreducible 
f7^°-module v 9 . Because v 9 is irreducible over Cliff g (A), it is isomorphic to E q (X) up to 
II. Thus the map 4> : W q (X) — ► V q induced by E q (X) — > v 9 is a surjective ?7 9 (g)-module 
homomorphism. 

(3) Since E q (\) is an irreducible Cliffy (A)-module, any proper submodule N q of W q (\) 
does not contain highest weight vectors (the vectors in E q (A)). That is, N q must lie in 
@fi<\ W q (X) fl . Thus the sum of two proper submodules is again a proper submodule of 
W q (X). Then the sum N q (\) of all proper submodules of W q {\) is the unique maximal 
submodule of W q (X). □ 

For A G P, the unique irreducible quotient V q (X) := W q (X)/N q (X) is called the irreducible 
highest weight module over U g (g) with highest weight A (defined up to II). 
We introduce the notation 

q n -q- n 

Hq ■= — ) 

q — q 

which is called a q-integer. We also define [0] q \ := 1 and [n] q \ := [n] q ■ [n — l] q ■ ■ ■ [l] q . We 
define the divided powers of and /, as follows: 



[k] q V J * ■ [k] q V 

By a straightforward induction argument, we can prove the following lemma. 
Lemma 4.3. For all i & I and k G Z>o, we have 

,(fc) _ Jk) Ak-l) 1 hi 1~ k+1 ~ q- hl q k - 1 

e iJi — H e i + Ji _i 

q — q 

Proposition 4.4. Let A G A + and V q (X) be the irreducible highest weight U q {o) -module 
generated by an irreducible finite dimensional -module v 9 . Then « = for all 

v G v 9 and i G /. 

Proof. Lemma I4.3I implies 

e*/<* J u = " fc + l]*//*" 1 ^ for all u G v 9 . 

If k = A(/ij) + 1, we see that eif^ h ^ +1 v = 0. Moreover, for j ^ i, we already know 
e . f Khi)+i v = and e]f ^)+\ = 0) since F 9 (A) = 0^< A V$. 

Suppose that ejf^ h ^ +1 v ^ 0. We have 

eiie-J^v) = e-Mf^'v) = 0, 

e?(q^ )+1 «) = -^^ )+1 t; = 0. 
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Also, ejie-J^^v) = ej(e-J^ )+1 v) = for j ± i, since V q (X) = 0^< A V« . 

If \(hi) > 1, then wt(ej/^ u) = A — \{hi)a.i < A. Thus eif^ +1 v would generate a 
nontrivial proper submodule of V q {\), which contradicts the irreducibility of V q {\). 

If \{hi) = 0, then we have \ = Aj+i = so that Iqv = k-^v = by Lemma [3TT1 From 
the defining relation of U q (g), we know 

e-JiV = fiejv + {q kl+1 ki - g^k^v = 0. 

Therefore, in any case, ejf^ hz v = for all v G v 9 . 

Similarly, if fH hl ^ +1 v ^ o, it would generate a nontrivial proper submodule of V 9 (A). 
Hence we conclude f^ hl ^ +l v = Q for all v G v 9 . □ 



5. Classical limits 

Let Ai := {//<? G C(g) | f,g G C[g],g(l) 7^ 0}. For an integer n G Z, we formally define 

gx n — y~ 1 x~ n yx 11 — 1 

b; n k : = i ) (?/; n )x : = 

x — X 1 x — 1 

For example, 

h _— ft h 1 

= ^, ^;0) 9 = ^— 1. 
q — q q— 1 

Definition 5.1. We define the Ai-form Ua 1 of the quantum superalgebrta C^g(fl) to be 
the Ai-subalgebra of U q (g) with 1 generated by the elements ei,ej, fc, fi,q h ,kj and (q h ;0) q 
(ieI,leJ,he P v ). 

We denote by Uj^ (respectively, U7) the Ai-subalgebra of U q (g) with 1 generated by 
ei,ej (respectively, fi, fj) for i G /, and by the Ai-subalgebra of t/g(g) with 1 generated 
by q h , k T and (g h ; 0), for / G J, h G P v . 

Lemma 5.2. 

(1) (g ft ; n)q G f7^ 1 for all n G Z and /i G P v . 

(2) [g ft ; 0], G L/^ /or all n e Z and h G P v . 

Proof. Our assertions follow immediately from the following identities: 

(7 n — 1 

(? h ;n), = g V;0), + L 

g-1 

[q h ;0) q = q^ i (l + q- h )(q h ;0) q . 



□ 
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Note that 

Proposition 5.3. We have the triangular decomposition of the algebra Ua 1 ■ Namely, 
as A\-modules. 

Proof. Recall the canonical isomorphism U q (g) — ► U~ (g) U q (8> U q given by Theorem 12.31 
The following commutation relations hold: 

ei(q h ; 0) g = (q h ; -a^h))^, ei(q h ; 0), = (q h ; -a^h))^, 

(q h ; 0) q fi = fi(q h ; -<*i(h)) q , (q h ; 0) g fj = -Oi(h)) q , 

eifi = f i e i + {q k *- ki +i;0] q , 

ei+l/i = Q~ fiCi+l, difi+i = qfi+i^i, eifj - fjet = for \i - j\ > 1, 
eifi = -fai + [q ki+ki+1 ;0) q + (q- q^kjkj^, 

ej+ih = -q^fjei+i, e-ifvpr = -qfj+ie-i, e~ifj = -fj^j = for \i - j\ > 1. 

Together with Lemma 15. 2\ one can show that the image of the canonical isomorphism lies 
inside [7^ (8> U Ai (g) U A when restricted to Ua 1 • Its inverse map is given by multiplication. 
Hence the two spaces are isomorphic as Ai-modules. □ 

In what follows, V q is a highest weight module over U q (g) with highest weight A G P 
generated by a finite dimensional irreducible L^°-submodule v 9 . Then v 9 is a finite dimen- 
sional irreducible Cliffy (A)-module. Since it is irreducible, it is generated by a nonzero vector 
v G (v%; i.e., v 9 = Cliff, (A)u. Note that 

Q 9 q _ 9 = q 2n ~ 2 + q 2n ~ 6 + • • • + q~ 2n+6 + q~ 2n + 2 G Ax for n G Z >0 . 
q z — q 1 

We denote by CliffA 1 (A) the Ai-subalgebra of Cliffy (A) generated by {tj \ i G J}. 

Definition 5.4. Let V q be a highest weight C/ g (g)-module generated by a finite dimensional 
irreducible [/^-module v 9 and let E Al (X) be the Cliff Ai (A)-submodule of v 9 = E q (\) gener- 
ated by a nonzero element v G (v 9 )g. The A\-form of y 3 is defined to be the t/Ai-submodule 
V Al of V q generated by E Al (\). 

In what follows, V q will denote a a highest weight L r „(g)-module. 

Proposition 5.5. y Al = U Ai E Al (X). 
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Proof. In view of PropositionES it suffices to show that U^E Al (A) = E Al (A) and U Ai E Al (A) = 
E Al (\). The first assertion is clear by the definition of highest weight modules. For the sec- 
ond assertion, we observe that 

q h w = g A W M) 

Q X(h) - 1 

(q h ;0)aw = - w for all w G E Al (X). 

q — 1 

Hence we obtain V Al = U Al E Al (X) = U Ai E Al (X). □ 

For each \i G P, let us denote by (Va. 1 ) m the space V Al H V^. The following assertion can 
be proved using the same arguments as in ]HK\ Proposition 3.3.6]. 

Proposition 5.6. V Al has the weight space decomposition V Al = ©^<a(^Ai)m- 

Proposition 5.7. For each \i G P, the weight space (V Al )a is a free A\-module with 
rankAi (V^i )/j = dim C ( g ) V$. In particular, ranlcAx -E Al (A) = dim C ( g ) E q (X). 

Proof. Because Ai is a principal ideal domain, every finitely generated torsion free module 
over Ai is free. Furthermore, since C(q) is the field of quotients of the integral domain Ai, a 
finite subset of a C(g)-vector space is linearly independent over C(q) if and only if it is linearly 
independent over Aj. Thus it is enough to show that each has a C(g)-basis which is also 
contained in (V Al )^- The highest weight space v q = E q (X) has a linearly independent subset 
of {tftf ■ ■ ■ f£v | €j = or 1} which generates E q (X) over C(q), since E q (X) = Cliff, (A)u. 
By definition, this subset is contained in .E Al (A). For V$, it is easy to show that there is a 
basis of V$ whose elements are of the form f(t^t^ ■ ■ ■ tfj^v, where are monomials in fi and 
fa. This basis is also contained in (V Al )fj,, which proves the proposition. □ 

Corollary 5.8. The map 4> ■ C(g)® A i V Al — > V q given by f®v i — > fv (/ G C(q),v G V Al ) 
is a C(g) -linear isomorphism. 

Let Ji be the ideal of Ai generated by q — 1. Then there is a canonical isomorphism of 
fields 

Ax/3! C given by f(q) + J x .— /(I). 
Define the C-linear vector spaces 

U x = (Ai/Ji) ® Al U Al , 

V 1 = (A 1 /Ji)® Al V Al . 

Then l/ 1 is naturally a C/i-module. Note that U x = U Al /3]U Al and = V Al /3{V Al . We 
use the bar notation for the images under these maps. The passage under these maps is 
referred to as taking the classical limit. 
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Since Va\ = U a-i_E Ai (X) , we have: 

V 1 = V Al /JiV Al = U Al E A ^X)/3 1 U Al E A ^X) = (U Al /JiU Al ) • (E A '(X)/J 1 E A '(X)). 

Hence V 1 is generated by £ Al (A)/Ji£ Al (A) over U . For each \i G P, denote by the 
space (Ai/Ji) ® Al (U Al ) M = (^Ai)m/Ji(Vai)/i- 

Proposition 5.9. 

a) ^ = e M <A^ 

(2) For eac/t fj, E P, dime = ran kAi(VAi)/j- 

Proof. The first assertion follows from Proposition 15,61 Using the same argument as in \HK\ 
Lemma 3.4.1], we can prove the second assertion. □ 

Let h G Ui be the classical limit of (q h ;0) q G Ua 1 - Using [HK, Lemma 3.4.3], we have: 

Lemma 5.10. 

(1) For all h G p y , we have q h = 1. 

(2) For any h, ti G P v , h + h! = h + h!. 

Theorem 5.11. 

(1) The elements ej,ef, fi, fj, (i G /), kj (I G J) and h (h G P v ) satisfy the defining rela- 
tions ofU(g). Hence there exists a surjective C-algebra homomorphism ip : U(g) — ► U\ 
and the XJ\-module V 1 has a U(g) -module structure. 

(2) For each fi G P and h G P y , the element h acts on as scalar multiplication by /J,(h). 
So is the /i-weight space of the U(g) -module V 1 . 

(3) There is an isomorphism Cliff (A) — > Cliff i (A) := Cliff Ai(A)/Ji Cliff a x (A). 

(4) As a U{g)-module, V 1 is a highest weight module or the sum of two highest weight 
modules with highest weight X G P 

Proof. (1) The first relation for U(q) is trivial. Since 

(q h ; 0) q e t - e t (q h ; 0), = ei(q h ; on(h)) q - ei(q h ; 0), 

q oi{h) _ i 

= : — m , 

q- 1 

we obtain [/i,ej] = ai{h)el by letting q — ► 1. Similarly, 

[7t,q] = ai{h)ei, \h, fi] = -Oi(h)fi, [h, f-] = -Oi(h)fi and \h, k T ] = 0. 
We have 

ei/i-M = [q hi ;0] q = -^(l + q- hi )(q hi ;0) g . 
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Taking the classical limit to both sides above leads to ej/j — f{el = = hi. 
Also 



-,2 



1,„ 1 



*f = te 2fc * ; 0] ?2 = g 2 ( 1 + q-™* ) ^ (q 2k > ; 0), . 

When we take g — > 1, we obtain fq 2 = ki. 

Since we can obtain the following relations in C/(g) by the Jacobi identity, 

h, [<H, ej}] = [[q, ei},ej] + [a, [ej, ej}] = [a, [ej, ej]], for |i - j\ = 1, 

in order to prove the corresponding relations in U\, it suffices to show that [ej, [ef, ej]] = 
0. The latter relation can be checked easily by letting q — > 1. The rest of the relations 
can be derived in a similar manner. 

Therefore, there exists a surjective algebra homomorphism ifj : U(q) — * U\ defined 
by e% i — ► el, ej i — > ef, /* i — > /», / ? i — ► / ? , Zi i — ► 7t, % i — ► kj (i G I, Z € J), which can 
be used to define a [/(g)-module structure on V 1 . 

(2) For v e (VaJh and h £ P v , we have 

(g fe ;0M= g g _ 1 v. 

Taking the classical limit of both sides yields our assertion. 

(3) Note that tjtj + tjtj = 25ij\i in Cliff i (A) and Cliff (A) is the associative C-algebra with 
1 generated by {kj \ i £ J} with defining relations Iqkj + kjkj = 25ij\i. Thus we have 
a surjective C-algebra homomorphism Cliff(A) — * Cliff i (A). Observe that 

dime Cliff i (A) = rank Al Cliff Al (A) 
= dim c(g ) Cliff q (A) 
= dime Cliff (A). 

The first two equalities follow by using the same reasoning as in Proposition 15.91 and 
Proposition [521 respectively It is well known that the dimension of the Clifford algebra 
associated with a symmetric bilinear form on a vector space of dimension k is 2 k . This 
result holds for any base field of characteristic different from 2. Thus we proved the 
last equality. 

(4) V q is generated by a finite dimensional irreducible L^°-submodule v 9 = E q (X) up to 
II. By Corollary! 



dim£ 9 (A) 



2 k if |A| = 2k and A(A) = 1, 
2 k+1 if |A| = 2k and A(A) + 1, 
2 k+1 if|A| = 2A; + l. 
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It is well known that the dimension of the Z2-graded irreducible Cliff (A)-modules 

is 2 L 2 J 1 2 L 2 J (see, for example, ABSJ). With this in mind we deduce that 
E Al (X)/3 1 E Al (X) is an irreducible Cliff (A)-module when |A| = 2k + 1 or |A| = 2k 
and A(A) = 1, and the direct sum of two irreducible Cliff (A)-modules otherwise. 
Since E q (X) is a parity invariant module over Cliff (? (A) for |A| = 2k and A(A) ^ 1, 
E Al (X)/J 1 E Al (X) is a parity invariant Cliff (A)-module as well. Hence E Al (X)/J\E Al (A) = 
v(A)®IIv(A) for some irreducible Cliff (A)-module v(A). By definition, V 1 is a highest 
weight [/(g)-module generated by i? Al (A)/Ji£' Al (A) or the sum of two highest weight 
modules generated by v(A) and IIv(A) for some irreducible Cliff (A)-module v(A). 

□ 



By Propositions 15.71 and 15.91 and Theorem 15.11} we obtain the following identity between 
the characters of a highest weight [/(g)-module and a highest weight [7 g (g)-module. 

Proposition 5.12. chV 1 = chV q . 

Corollary 5.13. V q {\) is finite dimensional if and only if X £ A + . 

Proof. Let V q = V q (X). If A G A+, then we have f^ hl)+1 v = for all v G V£ by Proposition 
14.41 Taking the classical limit, we have f^ h ^ +1 y = o for all v G V^. Because V 1 is a 
highest weight module or the sum of two highest weight modules, it is finite dimensional by 
Proposition 11.91 and hence V q is finite dimensional by Proposition 15.121 Conversly, assume 
that A is not in A + . Then V 1 has a submodule which is a highest weight module and whose 
irreducible quotient is isomorphic to an irreducible highest weight module with highest weight 
A. It is not finite dimensional by (2) of Proposition [L4l Again by Proposition 15.12] V q cannot 
be finite dimensional. □ 

Theorem 5.14. If X G A + nP>o and V q is the irreducible highest weight U q (g) -module V q (X) 
with highest weight A, then V 1 is isomorphic to 



(1) V(A) or UV(X) if\X\= 2k and A(A) = 1, 

(2) V(A) © nV(A) if \X\ = 2k and A (A) ^ 1 (in particular, if Ai > .... > A 2fe > 0), 

(3) V{X) ^ UV{X) if\X\ =2k + l. 



Hence, chV q (X) 



chV(X) if \X\ = 2k and A(A) = 1, 



2chV(X) if \X\ = 2k and A(A) / 1, 
^chV(X) i/|A|=2fc + l. 
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Proof. By Theorem 15, 111 (4). V 1 is a highest weight module or the sum of two highest weight 
modules over U(q) with highest weight A. By Proposition 11.81 we have 



V 



V(X) or m/(A) if |A| = 2k and A(A) 



V(X) © nV(\) if |A| = 2k and A(A) ^ 1, 

y(\)^nv{\) if|A| = 2fc + i. 

The second assertion follows from Proposition 15.12] □ 

Remark. The main reason we restrict our attention in Theorem 15.141 to the dominant set 
of weights A + n P>o is the statement of Proposition 11.81 We still believe that the theorem 
holds in more general setting and conjecture that it is true for any weight A G A + for which 
the generic character formula (jl.4p holds. 

Corollary 5.15. IfV q is a finite dimensional highest weight module over U q {o) with highest 
weight A G A + n P>o, then V q is isomorphic to V g (X) up to II. 

Proof. Note that V 1 is a highest weight module or the sum of two highest weight modules over 
U(q) with highest weight A and it is finite dimensional by Proposition 15. 121 From Proposition 
11.81 we know that V 1 is an irreducible module or the direct sum of two irreducible modules. 
Thus we get ch V q = ch V 1 = ch V q (X) by Theorem I5TT41 and hence V q = V q {\). □ 

Define the subalgebras Uf := Ai/Ji (g> Al U% 1 and U% := Ai/Ji (g) Al U% 1 of Ui. 

Theorem 5.16. The classical limit U\ of U q (g) is isomorphic to the universal enveloping 
algebra U(g). 



Proof. By Theorem ETTJ(l), there exists a surjective algebra homomorphism ip : U(q) — * U\ 

i, kj 



defined by i — ► e^, eq i — > ej, fi i — > fi, fj i — ► fj, h i — > h, kj — ► kj for i G I, h G P v and 



/ G J. From ([Q|) . U(g) ^U-®U°® U + . 

We first show that U° is isomorphic to U®. Consider the restriction of ip to U°. Note 
that Cliff Ai (A) is a C/ A -module. Indeed, as in the proof of Proposition 15.51 we know that 

0) q w = q _ 1 w for all ^ G Cliff Al (A). 

In particular, the action of kq is just the left multiplication by tj. Let g G ker-^o- By 
the Poincare-Birkhoff-Witt theorem, we can write g = Yli=x9ikfji> wnere = ^j 1 ■■■^j 
< aj < 1 for all j G J and each is a polynomial in k±, . . . ,k n . For each A G P we have 

2n 



= Vo(<?) • 1 = X (9i)H e Cliff i (A), 



i=l 



HIGHEST WEIGHT MODULES OVER THE QUANTUM QUEER SUPERALGEBRA U q (q(n)) 35 

where A(<jfj) denotes the polynomial in A-,- corresponding to gi. Since is a linearly 

independent subset of Cliff i (A) = Cliff (A), we have X(gi) = for all i = l,...,2n. Since 
we may take any integer value for Xj, must be zero for all i = l,...,2n and hence g is 
identically zero. Thus ipo is injective. 

Next we show that the restriction of ip- of ip to U~ is an isomorphism of U~ onto U^. 
Suppose kerijj- ^ and u = Yl^cfi ^ ker^_, where i>( 6 C and are monomials in /j 
and ffs. Let TV be the maximal length of the monomials /f in the expression of it, and 
choose A G A+ n P> satisfying A(/tj) > AT and |A| = 2fc and A(A) = I or |A| = 2k + 1 for 
all i £ I. By Theorem 15.141 the classical limit V 1 of V q (X) is isomorphic to the irreducible 
C/(0)-module V(X) when |A| = 2k and A(A) = 1, or |A| =2k + l. Set r = 2^ l2 ^ ± l Consider 
the map <f> : ([7~) 0r — > V 1 , given by (xi, . . . ,x n ) i — > Si=i " v i f° r a basis {vi \ i = 

1, ...,r} of V^ 1 . Then by Proposition 11.81 and Proposition 11.91 ker^ is the left ideal of 
(U~)® r generated by (/f (h<)+1 , 0, . . . , 0), . . ., (0, . . . , 0, f^ +1 ) for % e I. In particular, 
(it, 0, . . . , 0) = &</c> 0) • • • > 0) ker (p. That is ^_ (u)i>i / 0, which is a contradiction. So 
ker ip_ = and U~ is isomorphic to U7 . 

Similarly, we can show that U + = . By the triangular decomposition we have 

Ufa) ^ ET ®U°®U + ^ U{ © ul ® u+ * u x . 
It can be checked easily that this isomorphism is an algebra isomorphism. □ 

Theorem 5.17. Let X G P. IfV q is the Weyl module W q {X) over U q (g) with highest weight 
X, then its classical limit V 1 is isomorphic to 

(1) W{X) or LW(A) if \X\ = 2k and A(A) = 1, 

(2) W{X) © RW(X) if\X\= 2k and A(A) / 1 (in particular, if X x > ... > X 2k > 0), 

(3) W{X) LW(A) if |A| = 2k + 1. 

Proof. Let v(A) be a finite dimensional irreducible b+-module of weight A which generates 
W{X). Since U~ = f/f and £ Al (A)/Ji£ Al (A) is isomorphic to v(A) or v(A) © rfv(A) as a 
Cliff (A)-module, it suffices to show that V 1 is a free [/^-module whose rank is dime v(A) or 
2 dime v(A). 

By Proposition 14.21 we know that W q (X) is a free c/J-module generated by E q (X). Since 
Va 1 is a subspace of y 9 , taking Proposition 15.71 into account, Va 1 is a free [/^-module 

generated by E Al (X). Taking the classical limit, we see that V 1 = U{ ■ (^E Al (X)/JiE Al (X)j 
and 



dime E Al (X)/J 1 E Al (A) = dim c((?) E q (X) = dim c v(A) or 2dim c v(A). 
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By a similar argument as in [HKl Proposition 3.4.10], we can show that V 1 is a free 
fTf -module. When |A| = 2k and A(A) ^ 1, E q (X) is parity invariant. Hence we have 

'W(X) or IW(A) if |A| = 2k and A(A) = 1, 
V 1 I W{\) © UW{\) if |A| = 2k and A(A) ^ I, 
^(A)^nW(A) if |A| = 2fc + 1. 

□ 



6. Complete reducibility of the category O^ 

In this section, we prove the complete reducibility theorem for [/ g (g)-modules in the cate- 
gory Cf °. 

Definition 6.1. The category O^ consists of finite dimensional C/ (? (0)-modules M with a 
weight space decomposition M = Q) XeP M\ such that wt(M) C -P>o- 

Remark. The complete reducibility theorem for O^ , which we establish at the end of this 
section, implies that O^ is isomorphic to the category T q of tensor modules; i.e., submodules 
of a tensor power of the natural representation C(q) n ^ n . Indeed, using the description of T q 
provided by Olshanski and Sergeev we first check that every simple object of O^ is a tensor 
module. Then, by the complete reducibility result for 7^, obtained again by Sergeev and 
Olshanski, we conclude that the two categories are isomorphic. 

One can easily prove the following proposition (see, for example, [HKj Theorem 7.2.3]). 

Proposition 6.2. For each A G A + n P>o, V q (X) is an irreducible U q (Q)-module in the 
category O^ . Conversely, every finite dimensional irreducible U q (g) -module in the category 
O| has the form V q (X) for some X G A + n P>q. 

Let S be the antipode on U q (Q) defined in [01 Section 4]. We have 5(g ) = q~ h for all 
h G P y . Because S is an anti-automorphism on C/ 5 (g), one can define two U q {Q)-vnodvle 
structures on the dual vector space of a f7 g (g)-module V G O^ by 

(x ■ (j), v) := ((f), S(x) ■ v) and 

(x ■ 4>,v) := ((f), 5 _1 (x) • v) 

for each x G U q (g) and linear functional (j> on V. We denote these modules by V* and V , re- 
spectively. As vector spaces both modules are just (B^gp V*, where V* = Hom C ( 9 )(V^, C(q)). 
The following lemma is an immediate consequence of the definitions. 

Lemma 6.3. Suppose that V is a U q (g) -module in the category O^ . 



HIGHEST WEIGHT MODULES OVER THE QUANTUM QUEER SUPERALGEBRA U q (q(n)) 



37 



(1) There exist canonical U q (Q)-module isomorphisms (V*)' = V = (V)*. 

(2) The space V* is a weight space of weight —[i. 

Since q h S(ei)q- h = q a ^S{ ei ), we have S(e;)V M C V M+ai , which implies aV* C V*_ a .. By 
Lemma E31 we get e^V*)-^ C {V*)-^ +ai . Similarly, we also have e^V*)-^ C (V*)-n +(Xi , 
/i(V*)-„ C (V*)_ M _ ai , fliV*)-^ C (V*)^ ai for all i € I and Iq(V*)^ C (V*)^ for all 
i £ J. A weight module M is called a lowest weight module with lowest weight A 6 P if 
it is generated over U q (o) by an irreducible finite dimensional L^ -module. By a similar 
argument as in Proposition 14.11 one can show that (V q (X)\Y is an irreducible [/^-module 
so that V 9 (A)* and V q (X)' are lowest weight modules of lowest weight —A. 

Suppose that V is a C/q(g)-module in the category O^ . Because V is finite dimensional, 
we may choose a maximal weight A E wt(V) with the property that A + c^ is not a weight of V 
for any i £ I. Then the weight space V\ is a L^°-module. Fix an irreducible C/^°-submodule 
v of V\ and set L = U q (g)v. Then L is a highest weight C/ g (g)-module with highest weight 
A. By the assumption, A £ A + n P>o and from Corollary 15,151 we know L = V q (X) up to II. 

Now consider v = Hom C ( g )(v, C(g)) C V*, and set 

L = U q {g)vcV*. 

It is easy to show that v is an irreducible C/^°(g)-module and L is a lowest weight module 
with lowest weight —A. Translating Corollary 15.151 to the case of lowest weight modules, we 
get the following lemma. 

Lemma 6.4. The U q (g)-module L is isomorphic to the irreducible lowest weight module 
V q (X)* with lowest weight —X and lowest weight space v. 

Now we can prove the completely reducibility theorem for £7 9 (fl)-modules in the category 

Theorem 6.5. Every U q (g)-module V in the category O^ is completely reducible. 

Proof. Take a maximal weight A and consider a submodule of V, say L, generated by an 
irreducible L^°-submodule of V\. We want to show V = L © V/L. Taking dual with respect 
to S^ 1 of the inclusion L —* V*, we obtain a C/ g (g)-module homomorphism V = (V*)' — > (L)'. 
Thus we have a map: 

ip : L w V -> (Z)'. 

It is easy to check that ip is a nontrivial homomorphism. Since both L and (X)' are irreducible, 
ip is an isomorphism by Schur's lemma and we see that the following short exact sequence 
splits: 

-> L -> V -» V/L -» 0. 
Since V/L £ O^ , using induction on the dimension of V, we complete the proof. □ 
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Corollary 6.6. The tensor product of a finite number of U q (g) -modules in the category O^ 
is completely reducible. 

Remark. The same argument can be applied to prove the completely reducibility of O- . 
In that case, the antipode is given by S(x) = —x for all x G q (see [Nj Section 4]) and 
Proposition 11.81 plays the same role as Proposition 15.151 
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